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Abstract 

For complete graphs and n-cubes bounds are found for the possible number 
of colours in an interval edge colourings. 

Let G — (y, E) be an undirected graph without loops and multiple edges 
[1], V{G) and E{G) be the sets of vertices and edges of G, respectively. The 
degree of a vertex x S V(G) is denoted by dcix), the maximum degree of a 
vertex of G-by A(G), and the chromatic index of G-by x'(G') and the diameter 
of G-by d{G). A graph is regular, if all its vertices have the same degree. If a is 
a proper edge colouring [2] of the graph G, then a(e) denotes the colour of an 
edge e G E{G) in the colouring a. For a proper edge colouring a of the graph G 
and for any x G V{G) we denote by S{x, a) the set of colours of edges incident 
with X. 

An interval [3] i— colouring of G is a proper colouring of edges of G with 
colours 1,2, ... ,t such that at least one edge of G is coloured by colour i, 1 < 
i < t, and the edges incident with each vertex x £ V{G) are coloured by dcix) 
consecutive colours. 

A graph G is interval-colourable if there is t > 1 for which G has an interval 
colouring. The set of all interval-colourable graphs is denoted by J\f [4]. 

For G & JV we denote by w{G) and W{G), respectively, the least and greatest 
value of t, for which G has an interval colouring. 

The problem of deciding whether or not a bipartite graph belongs to M was 
shown in [5] to be A^P-complete [6,7]. 

It was proved [4] that if G has no triangle and G e Af then W{G) < \V{G) \ - 
1. It follows from here that if G is bipartite and G £ A/" then W{G) < \V{G) | - 1. 

Theorem 1 [8]. If G is a bipartite graph and G e N, then W{G) < 
d(G)(A(G) + 

For graphs which can contain a triangle the following results hold: 

Theorem 2 [4]. If G G A/" is a graph with nonempty set of edges then 
W{G) < 2|y(G)| -3. 

Theorem 3 [9]. If G G TV and \V{G)\ > 3 then W{G) < 2 \V{G) \ - 4. 

In [4] there was proved the following 

Theorem 4. Let G be a regular graph. 

1) G G A/' iff x'(G) = A(G). 

2) If G G A/" and A(G) < t < W{G) then G has an interval ^-colouring. 
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From Theorem 4 and the result of [10] it foUows that the problem "Does a 
given regular graph belongs to the set TV or not?" is A'^P-complete. 

In this paper interval edge colourings of complete graphs and n-cubes are 
investigated. Non-defined conceptions and notations can be found in [1,2,4,8]. 

From the results of [11] and Theorem 4 it follows that for any odd p Kp ^ Af. 
It's easy to see that x'{^2n) = ^(^2ra) = 2n — 1 [1] and, therefore for any 
neN K2„eAf , w{K2n) = 2n - 1. 

Theorem 5 [12]. For any n G iV W{K2n) > 3n - 2. 

Theorem 6. Let n = p2', where p is odd and q is nonnegative integer. 
Then W{K2n) > - 2 - p - q. 

Proof. Let's prove that for any m & N W{Kirn) — W{K2m) > 4to — 1. 

Consider a graph with V{K4m) = {xi,X2, ...,X4m} and 

E{K4„,) = {{Xt,Xj) I X, e V{Ki.rn), Xj e ViKirn), i < .]}■ 

Let G be a subgraph of the graph Kim, induced by its vertices xi,X2, X2m- 
Evidently G is isomorphic to the graph K2m and, consequently, there exists an 
interval W(ii'2m)— colouring a of G. 

Now we define an edge colouring /? of Ki^n- 

For i = 1,2, 4m and j = 1, 2, ...,Am, where i ^ j, we set: 



a{{xi,Xj)), if 1 < i < 2m, 1 < j < 2m; 

min S{xi, a) + 2m — 1, if 1 < i < 2m, 2m + 1 < j < 4m, i = j — 2m; 

a{{xi, .Tj_2?Ti)) + 2m,, if 1 < « < 2m, 2m + 1 < j < 4m, i ^ j — 2m; 
a{{xi-2m^ Xj-2m)) + 4m — 1, if 2m + 1 <i < 4m, 2m + 1 < j < 4m. 



It is not difficult to see that /3 is an interval (W(ii'2m)+4m — l)— colouring 

of K^ra- 

Now we can conclude: 

W{Kp2'.+^) > W{Kp2'.) +p29+i - 1 
W{Kp2^) > W{Kp2,-i) +p2i-l 



W{Kp2^)>W{Kp2)+p2''-l 
Adding these inequalities we obtain 

W{K2n) > W^(if2p) +P E 2^ - q. 
Now, using the result of Theorem 5, we have 

9+1 

W{K2n) >3p-2-g+pE2* = 3p-2-g + 4^(2? - 1) = 4n - 2 - p - q. 
The proof is complete. 

Corollary 1. Let n = p2'^, where p is odd and q is nonnegative integer. If 
2n— l<t<An — 2— p — q then there exists an interval colouring of K2n- 
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Lemma. For any n <E N Q„ £ A/" and w{Qn) = n. 

Proof. As for any n G N is a regular bipartite graph then x'iQn) = 

^{Qn) = n and, from Theorem 4, Qn G J\f , w{Qn) = n. 

nin 4- \\ 

Theorem 7. For any n&N W{Qn) > ^ 
Proof. Let's prove that forn > 2 W{Qn) - W{Qn-\) > n. 
Evidently, Q„ = K2 x Qn-i, therefore there are two subgraphs Q^-i and 
Qnli of Qn, which satisfy conditions: 

nQi'2i)nnQi'2i) = 0, 

Q^'liis isomorphic to Qn-i, i = 1,2. 
It follows from Lemma that for i = 1,2 Q^-i € A/". 

Evidently Q^-i is isomorphic to Q^li, therefore there exists a bijection / : 

V(0i'2i) — > V{qI^\) such that (x, y) e E{Q^2,) iff (/ {x) , / (y)) e S(Q(f2i). 

Let a be an interval ^^(qIj^Ij^)— colouring of the graph qI^Ii- 

(2) 

Let's define an edge colouring /3 of the graph Q^li in the following way; for 

every edge (u, v) G E{Q^^l,) p{{u, v)) = a{if-\u), rHv))) + n. 
Now we define an edge colouring 7 of the graph Qn- 
For every edge {x, y) € E{Qn) 

\ a{{x,y)), ifxel/(Oi'2i),2/Gy(Qi'2i); 
l{{x,y)) = l TmnS{x,a)+n-l, if x &V{Q^^l^),y eV{Q'^^l^), y = f{x)- 
[ y)), if X e y(0i'2i), y e V{Q^^1^). 

It is not difficult to see that 7 is an interval {W{Qn-i) + n)— colouring of 

For n > 2 we have 

W{Qn)>W{Qn-l)+n 

W{Qn-x)>W{Qn-2) + n-l 
W{Q2) > W{Qi)+2 

_|_ X) 

Adding these inequalities we obtain W{Qn) > • 

The proof is complete. 

n(n + 1) 

Corollary 2. If n <t < then Qn has an interval t— colouring. 
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